I. Introduction
The maximum rotational speed of a turbofan is reached during take-off and climb. During these phases the rotor tips are supersonic and spinning shock waves propagate from the fan to the intake, inducing noise radiated towards the fore part of the fuselage and more generally in the upstream far-field. For a perfect fan, the acoustic spectrum only contains harmonics of the Blade Passing Frequency (BPF), f BP F n = nBN , where B is the number of blades, N the rotational speed in Hz, and n the harmonic order. However, for a real turbofan, small blade geometrical dispersion, e.g., stagger angle variations, produce N-wave amplitude and inter-shock spacing variations which affect their non-linear propagation. These small irregularities lead to spectral components at harmonics of the rotation frequency. So, the acoustic spectrum contains not only BPF harmonics but also Multiple Pure Tones (MPT) where f M P T m = mN . The non-linearity of the propagation induces two main consequences: (i) The Sound Pressure Level (SPL) decreases as reminded in Section II; (ii) Some acoustic power is transferred from BPF to MPT, as predicted by several methods discussed in Section III. Prediction of the BPF intensity at the end of the ducted propagation is not sufficient. Due to energy redistribution from BPF to MPT during the propagation, some MPT harmonics (which may not be much attenuated by acoustical liners) can be louder than BPF. To predict the spectrum shape has become a main concern for engine manufacturers. Previous studies were focused on MPT 2D non-linear propagation. Morfey shock strength irregularities. This temporal method was extended by Uellenberg 3 who included both N-wave phase and amplitude variations. The most sophisticated 2D propagation method is the McAlpine & Fisher spectral approach, 4 improving their temporal approach -that already addressed the problem of N-waves irregularities -by taking into account cut-off modes and acoustic liner absorption. Concerning the MPT generation, two main techniques have been investigated. In the seventies, Pickett 5 proposed a statistical analysis to generate a temporal signal based on the standard deviations of shock strength and of shock spacing. More recently, McAlpine & Fisher used SPL measurements near the fan and random phases to generate the time signal. A third method based on the measurement of the blade stagger angles is proposed in the present paper. The three approaches are tested and compared for two rotor models in Section IV, using time and spectral propagation methods. The first case is a turbofan model which was tested in the framework of the European project FANPAC, and the second is a scale-one new turbofan demonstrator from SNECMA, named MASCOT2. To the authors' knowledge, it is the first time that several methods predicting the generation and propagation of MPT in very different ways are cross-checked.
In complement of these semi-analytic approaches, a few recent numerical studies have been carried out, using Euler and Reynolds-averaged Navier-Stokes (RANS) solvers in 2D and 3D domains. Prasad 6 studied the viscous effects in the N-waves propagation process, and Gliebe et al. 7 proposed a method to generate MPT through numerical simulations of a limited number of blade passages. Coupland et al. 8 performed a 3D computational fluid dynamics (CFD) simulation of a full rotor coupled with a computational aeroacoustics (CAA) calculation taking into account an acoustical liner. The work presented in this paper only focuses on semi-analytic models, and constitutes the first part of a PhD thesis. The present results will be compared in a second step with numerical simulations performed using the ONERA elsA code (solving Euler equations).
II. N-wave propagation
The N-wave propagation comes from non-linear effects due to sound velocity variations. The sound velocity is given by:
with c 0 the sound velocity in the undisturbed fluid at the atmospheric pressure p 0 , γ the adiabatic ratio, and ∆p the pressure jump. For a transonic turbofan, the relative Mach number M rel at the blade tips is greater than one, and shock waves are generated. The pattern of B N-waves corresponding to the B rotor blades propagating upstream toward the intake is illustrated in Fig. 1 . For a perfect rotor, each N-wave has the same shock amplitude ∆p, wavelength Λ and shock spacing λ ( Fig. 1(b) ), depending on the geometrical configuration and the rotational fan speed:
where D is the rotor diameter, α is the angle between the relative Mach number M rel and the axial Mach number M x such as cos α = M x /M rel , and β is the Mach angle such as sin β = 1/M rel . For a real fan, the amplitudes and shock wave spacings are different from one N-wave to another one, and λ and ∆p then are the N-wave mean values. The N-waves are evolving during inlet propagation. For a regular rotor, the shock spacings (λ) remain constant and the pressure jumps decrease. A first theory was developed by Morfey & Fisher 1 to determine the evolution of the shock wave amplitude during propagation, valid for regular N-waves (ideal rotor). The pressure jump writes:
If irregularities on ∆p or λ are present in the initial signal, not only the pressure jumps but also the shock intervals are modified. Hawkings 2 proposed a method based on variations of the N-wave slopes to predict the propagation of a sawtooth with amplitude irregularities. Uellenberg 3 extended this work and also took into account variations of shock spacings (λ). At last, McAlpine & Fisher 4 developed a numerical solution to propagate a pressure signal in the frequency domain. The wavenumber Fourier series, C m , of the pressure is defined as: with the adimensionalized time T , distance X, and pressure P respectively equal to:
A mode m correspond to the frequency f M P T m = mn. Fourier coefficients C m (T ) are solutions of the Burgers equation with two dissipative terms:
where C m is the mth spectral component, C m its complex conjugate. The first term in parentheses on the right hand side in Eq. (4) expresses the energy redistribution between each harmonic during the propagation, the second term is the numerical dissipation due to the truncation of the solved spectrum (up to the harmonic order N = 10B), and the last term takes account of cut-off modes and of acoustical liner absorption. These two properties in the last term cannot be introduced in a time domain method (also implemented by Morfey & Fisher ) 4 ) which explains the interest to work in the frequency domain.
III. Predictions of MPT generation for a real rotor
For a regular rotor, the nth BPF SPL and the overall sound pressure level (OASPL) are linked to the shock wave amplitude according to Eq. (5) , and overall rms pressure
for a regular N-wave. The MPT generation is more complex and several approaches can be considered.
A. Statistical method
The first MPT generation model due to Pickett 5 and is based on statistical analysis. Values of standard deviations with respect to shock amplitude and shock spacing were deduce from fan rig measurements. The method consists in a random selection of B shock amplitudes (∆p) and spacings (λ) of standard deviations σ A and σ λ , respectively. The pressure time signal linked to the shock wave train induced by a real rotor (with irregularities) writes:
with < A i >= c 0 ∆p λ and < i >= 0. Its power spectral density S(m) is given by:
where C 0 (m) is the Fourier transform of the pressure jump attached to one blade of the perfect rotor (m = 1 is the fundamental MPT, m = B the fundamental BPF), and δ m,nB is the Kronecker symbol. The attenuation ∆ SP L between a BPF harmonic n from a regular rotor (S B (nB) = 2B 2 |F 0 (nB)| 2 ) and from an uneven rotor (S(m = nB)) is:
Figure 2 depicts an example of the method. A random pressure signature is shown in Figure 2 (a), and the mean spectrum of 100 random signals is compared to the analytical spectrum of Eq. (8) This statistical method based on standard deviation is efficient and quite simple but requires to adjust the value of σ λ . 
B. Method based on measurements near the rotor
In another approach developed by McAlpine & Fisher, 4 the shock-wave signal is generated using the spectra measured near the fan combined with a distribution of random phases (because the time signature or the complex Fourier transform usually are not recorded). Two hypotheses are done to reconstruct the signal (used in Section IV.B and Section IV.C):
-All pressure jump amplitudes of the N-wave signal are equal (and can be estimated from measurements by Eq. (5) or Eq. (6));
-The slopes of the N-waves are constant.
The shock spacings thus directly depend on the difference of mid-pressure (such as p m1 ) between shocks i and i + 1, as is shown in Fig. 3(a) . Assuming that the SPL of BP F 1 and of the MPT are known (e.g., from measurements, in Fig. 3(c) in red) , the shock amplitude is calculated. The irregularities in signal phases come from the variations of N-wave shock mid-points (p m1 in Fig. 3(a) ). These variations are set thanks to SPL of B MPT (from m = B to m = 2B − 1 in Fig. 3(c) ). Figure 3 highlights the signal reconstruction using the McAlpine & Fisher method with a pressure signal (3(a)), the associated spectrum (3(b)), and the mean spectrum of 10 pseudo-randomized signals (3(c)).
This method was successfully applied to a Fokker 100 model, but the main limitation is the requirements of the pressure spectral component near the fan for every cases. 
C. Novel method based on measurements of blade stagger angles
In order to overcome the previous limitations, ONERA developed a new approach which only requires the real blade geometries in only one configuration. During the full-scale MASCOT2 engine model tests (see Section IV below), not only pressure signatures were recorded, but also the individual blade stagger angle at several rotational speeds. Thanks to several numerical simulations, Gliebe et al. 7 showed that blade stagger angle (and camber) variations mainly affect the N-wave signals. Moreover, a variation of the i-blade stagger angle not only modifies the shock spacing λ i between the waves i and i + 1 (cf. Fig. 4 ), but also of the two adjacent shock spacing λ i+1 and λ i−1 . In this sub-section, a prospective approach of N-wave generation based on basic geometrical considerations is investigated. To study the rotor acoustic spectrum shape, three configurations corresponding to three different blades orderings on the rotor were tested (Confs. 1, 2, and 3). Knowing the shock spacing and the temporal pressure signature near the fan of one configuration (e.g., Conf. 1), the temporal signals are predicted for other configurations (e.g., Confs. 2 and 3)). Assuming that only the stagger angle variations of blades i, i + 1, i − 1 induce a variation of the shock spacing λ i , an experimental relation is established between stagger angle variations (i, i + 1, i − 1) and λ i .
The pressure signal generation consists of three steps. (i) The blade stagger angles of the reference configuration (Conf. 1) are reorganized according to the blade arrangements of the other configurations (Confs. 2 and 3). (ii) The λ i are estimated between each couple of the reference blades according to the relation between stagger angles and shock spacing variations. The pressure jumps are assumed to be the same regardless of the configuration, so ∆p is set from reference configuration (Conf. 1). (iii) The pressure signature is generated using λ i and ∆p following the McAlpine & Fisher approach. Perturbations are introduced in the λ i because of stagger angle variations during the rotor rotation. The resulting buzz-saw noise spectrum is an averaged spectrum from 10 pressure signatures. 
Fan blades
(ii) The pressure time signature p(t) is measured by Kulite transducers near the fan which gives the shock spacing λ i of the N-wave i corresponding to the blade i. An efficient process has been set up to relate the stagger angles Stg i to the pressure time signature p i (t). Indeed, because sensors recording blade stagger angles are not at the same axial position than Kulite transducers, a second minimization process is applied. This result gives the blade order k corresponding to the first shock measured by the Kulite transducers upstream of the stagger angle sensors. The process minimizes the error between measured shock spacings and shock spacings generated from different blade order k:
where k is shifted from 1 to B. Figure 6 illustrates an application of this process (on the MASCOT2 rotor configuration described in section IV.B), where the blade order generating the first shock recorded is k = 12 in this case. This method is duplicated at each rotational speed, and the coefficients used in the N-wave generation are the mean values from all rotations speeds for each index i.
Application of the method to another configuration with a different blade ordering
Using the coefficients µ 0 , µ +1 , and µ −1 (obtained from the reference configuration), new pressure signals are now predicted in another configuration (Conf. 2 or 3), that is to say, for another organization of blades on the rotor. Therefore the shock spacings λ * i are determined from the new blades ordering generating a new set of values ∆Stg i , and using the reference values of coefficients µ 0 , µ +1 , and µ −1 . Due to unsteady blade twist, variations of ∆Stg i are introduced using σ Stg . For one predicted pressure signal, the Stg i (and thus ∆Stg i ) in Eq. (10) are pseudo-randomized using a Gaussian distribution of mean Stg i , and of standard deviation σ Stg assumed to be the same for all configurations. Hence, for one blade order, with the aim of taking account of unsteady blade twist, several λ * i are obtained leading to several time pressure signals. The mean shock pressure depending only on the rotational speed, the ∆p from the reference configuration are used. The resulting spectrum is a mean of 10 Fourier transforms of pseudo-randomized signals.
IV. Applications to turbofan models
The different approaches for the MPT generation, and temporal and spectral propagation methods are compared in this section. First in order to check the equivalence of time and frequency domain predictions, a virtual 7-blade time signature with ∆p = 50 kPa is propagated according to the Uellenberg (temporal) and McAlpine & Fisher (spectral) methods. The third N-wave has a pressure variation ∆p = 1.5∆p. Figure 7 (a) presents the time signature evolution, and the sound pressure level of the first three BPF tones are shown in Fig. 7 
A. FANPAC turbofan model
A turbofan model has been tested in the European FANPAC project. Its main characteristics are given in Table 1 . The reduced time T introduced in Section II can be related to the traveled axial distance, x, as:
with T = T f at the end of the inlet, for x = 0.5 m, and K depending on the Mach numbers: The FANPAC configuration gives λ = 0.085 m and T f = 15.5 which corresponds to a dimensionalized time t f = 3.9.10 −3 s. The McAlpine & Fisher propagation method is compared to the two temporal methods of Hawkings and Uellenberg for the ideal FANPAC rotor. These two methods for a regular fan provide the same results, as is highlighted in Fig. 8 . The difference in the last BPF harmonic (n = 10) are due to the spectrum truncation. The regular case is compared with FANPAC measurements in Fig. 8(a), (squares) . The SPL at BP F 1 was measured at several distances in the inlet (i.e., at several propagation times T ). The differences in BP F 1 between SPL predicted for an ideal rotor and measured forward of the real rotor (roughly equal to 3 dB at the end of the duct) are due to the acoustic power redistribution from the BPF to the MPT. Pickett statistical method is applied to generate MPT. As σ A is of little importance against σ λ , a modern turbofan typical value is chosen (σ A = 0.1). As mentioned in Section III.A, the standard deviation of shock spacing is estimated using Eq. (9) and ∆ SP L (B). The SPL difference at BP F 1 between regular rotor and FANPAC measurements at T f ( Fig. 8(a) ) leads to ∆ SP L (B) 3 dB, thus the standard deviation of shock spacings at the end of propagation is roughly σ λ = 0.14. As standard deviations evolve during propagation, the initial σ λ leading to 0.14 at T f is found by iterations. Figure 9 highlights the capability of the Pickett's method. In Figure 9 (a), the σ λ evolution matching σ λ = 0.14 at T f is displayed. On the right hand side, the decrease of SPL at BP F 1 during propagation is compared to the regular rotor and to FANPAC measurements. The agreement with experiment is better showing that such a statistical method can easily predict the SPL decrease including energy redistribution from BPF to MPT during the propagation. 
B. MASCOT2 turbofan model
The second turbofan model is a SNECMA turbofan scale-one model called MASCOT2. The MASCOT2 characteristics are listed in Table 2 . Three configurations corresponding to three different blade ordering on the rotor are selected to analyze the spectrum variations according to the blade arrangement. The values of λ, T f and t f are similar in the three configurations (λ = 0.148m, T f = 31.8, t f = 0.014s).
Thanks to the pressure measurements near the fan, the temporal signatures can be reconstructed using the McAlpine & Fisher method, and propagated through the inlet using their spectral method. 4 The
Rotor diameter D (m) Number of blades B M tip ∆p (Pa) 1.78 18 1.03 20000 Fig. 10 . Spectra are in a good agreement close to the fan. Near the inlet, the spectrum slopes are well predicted, as well as the maxima of the first MPT and of the BP F 1 which mainly contribute to OASPL.
C. ONERA novel approach applied to MASCOT2 model configuration
The novel approach based on measurements of stagger angles (Section III.C) is applied to MASCOT2. The individual blade stagger angles are measured by a couple of capacitive sensors located in the casing at the tip of the blades, and 10 pressure signatures are generated. The reference configuration used to determine which the coefficients µ 0 , µ +1 , and µ −1 is Conf. 1. Then, the method is applied to Confs. 1, 2, and 3 to build the pressure signatures and to propagate them using the spectral method.
The coefficients are computed at five rotational speeds. The shock amplitudes are measured at each rotational speed by Kulite pressure transducers. Figure 11 shows the mean shock amplitude in the range of studied rotational speeds obtained by time signals and calculated from the SPL (cf. Eq. (5)) for Confs. 1 and 3. The good agreement between the two configurations validates the assumption that the shock pressures do not depend on the order of the blades. The blade stagger angles are then measured, and the λ * i are calculated from arbitrary values of coefficients µ 0 , µ +1 and µ −1 . Modifying the coefficients, the algorithm minimizes the difference between the estimated λ * i shock spacings, and the measured λ i . This process is applied for the five rotational speeds, and mean values of the coefficients are calculated. The blade stagger angles are ordered according to the configuration and the final λ * i are calculated using the above mean values of µ 0 , µ +1 and µ −1 . Figure 12 compares the blade stagger angles determined from the rearrangement of Conf. 1 to Confs. 2 and 3. The predicted stagger angles are close to the measurements. Knowing the λ * i and the shocks pressure ∆p, the time signals are built. Due to variations of the fan rotational speed and unsteady blades twist, as described in Section III.C, several signals are built from the pseudo-randomization of the blade stagger angles and thus of λ * i . Each signal is then propagated by the spectral method and leads to a propagated spectrum (average from 10 pseudo-randomized signals). Figure 13 presents the rebuilt spectra near the fan obtained by the present approach, and the spectra propagated using the spectral method. In all the configurations, the pressure signals are predicted using the stagger angles of Conf. 1 (reorganized for Confs. 2 and 3). Figure 13 shows that the predicted spectrum shape and the level of BPF agree quite well with the measurements before and after the propagation. Not only the reference configuration (Fig. 13, top) is correctly predicted, but also the two other configurations (Fig. 13, middle and bottom) . Using stagger blade angle measurements of a reference configuration, this prospective approach allows us to predict the spectral shapes of other configurations. This method could be very interesting to reduce the SPL because Figs. 10 and 13 show that the MPT strongly depend on the blade arrangement. 
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V. Conclusions and future work
Two key aspects must be considered to describe the shock-wave propagation in the inlet of a transonic turbofan. The first issue is the N-wave propagation, the second is the MPT generation. In this study, the most advanced analytical methods have been compared in the time and frequency domains for two representative turbofan configurations. The reliability of each method has been discussed through a comprehensive analysis and validated using experimental data. More particularly, the MPT generation has been studied through selected approaches. A statistical MPT generation method has been successfully implemented and tested on the FANPAC turbofan model. The McAlpine & Fisher method has been investigated and tested on a MASCOT2 engine model from SNECMA. Predicted spectra and test data are in good agreement. However, the MPT generation process of these approaches requires specific measurements near the fan. Pickett method does not allow us to predict the spectrum shape depending on blade arrangement, and McAlpine & Fisher MPT generation needs to know an initial spectrum.
An original approach of MPT generation based on real blade stagger angles has been proposed and applied to the MASCOT2 engine model. The acoustic spectra depend on the order of the rotor blade, and it is decisive for engine manufacturers to predict in a simple way the spectrum shapes near the fan and at the intake. This new method answers that question since it only requires measurements in one rotor configuration. Acoustic spectra can be predicted for other non-tested blade configurations. An optimal order of the blades can be selected to minimize the radiated sound pressure level, taking into account the cut-on modes and the acoustic liner absorption.
Present work is focused on analytical methods and is included in a PhD thesis. The second part of the thesis will deal with numerical simulations already implemented. Starting from the present results, Nwaves will be injected in the ONERA CFD code elsA. MPT generation and propagation will be investigated through several computations, and the present theory will be used as reference case for comparisons between analytical and numerical solutions. However, CPU time may be prohibitive for parametric studies, and analytical and numerical calculations will remain complementary.
